CHARACTERS OF FEIGIN-STOYANOVSKY'S TYPE 
SUBSPACES OF LEVEL ONE MODULES FOR AFFINE LIE 
ALGEBRAS OF TYPES A<p AND 

GORAN TRUPCEVIC 

Abstract. We use combinatorial description of bases of Feigin-Stoyanovsky's 
type subspaces of standard modules of level 1 for affine Lie algebras of types 
A^ 1 ' and to obtain character formulas. These descriptions naturally lead 
to systems of recurrence relations for which we also find solutions. 



1. Introduction 

Principal subspaces were introduced by B.L.Feigin and A. Stoyanovsky in [FS] 
where they gave a construction of bases of standard modules L(A) consisting of 
semi-infinite monomials and monomial bases of their principal subspaces, and also 
calculated characters of both principal subspaces and the whole standard modules 
for affine Lie algebra q of type A similar approach was used by M. Prime in 

[PI, 2] where he constructed semi-infinite monomial bases for all standard modules 
for affine Lie algebras of type A^p and for basic modules L(Aq) for any classical 
affine Lie algebra. Instead of principal subspaces of Feigin and Stoyanovsky, Prime 
used so-called Feigin-Stoyanovsky's type subspace. Later, in [FJLMM] it was noted 
that bases of Feigin-Stoyanovsky's type subspaces from [PI] were parameterized by 
(k,£+ Inadmissible configurations which were studied in [FJLMM], [FJMMT1,2]. 

G. Georgiev generalized Feigin-Stoyanovsky's results to a certain class of stan- 
dard modules for affine Lie algebras of type Ajp (see [G]). In the proof of linear 
independence, Georgiev used intertwining operators between standard modules. 
S. Capparelli, J.Lepowsky and A. Milas in [CLM1,2] used intertwining operators 
to obtain exact sequences of principal subspaces and recurrence relations for their 
characters. This approach was further investigated in [CI, 2] and [CalLMl-3]. 

Motivated by Georgiev's and Capparelli-Lepowsky-Milas' way of using intertwin- 
ing operators, Prime in [P3] gave a simpler proof of linear independence of bases 
from [PI], and in [Tl,2] and [Bl,2] new constructions of bases in A^ and cases 
were given. Furthermore, M. Jerkovic in [Jl] used the proof of linear independence 
from [P3] to obtain exact sequences of Feigin-Stoyanovsky's type subspaces and 
recurrence relations for the corresponding characters in the A^ -case. By solving 

these relations, Jerkovic in [J2] obtained character formulas in the A^ -ca.se, which 
agreed with formulas from [FJMMT1,2]. 

In this paper we use combinatorial description of bases of Feigin-Stoyanovsky's 
type subspaces of standard modules of level 1 from [P2], [Tl] and [Bl] to obtain 
character formulas. These descriptions naturally lead to systems of recurrence 
relations for which we also find solutions. 
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Let g be a simple complex Lie algebra, f) C its Cartan subalgebra, R the 
corresponding root system. Let = f) + Saefl. Q ^ e a ro °^ decomposition of g. 
Fix root vectors x a G g Q . Let (•, •) be a normalized invariant bilinear form on g, 
and by the same symbol denote the induced form on g*. Let II = {ct\, . . . , at} be a 
basis of the root system R, and {uji, . . . ,ujt} the corresponding set of fundamental 
weights. Fix a minuscule fundamental weight u> and set r = {7 G R | (7, w) = 1}, 
gi = J2aer S Q - The se ^ ^ * s cane d tfte set of colors. 

Let g = g®C[t, ©Cc©C<i be the associated affine Lie algebra, where c is the 
canonical central element, and d is the degree operator. Elements x a (r) = x a ®t r 
are fixed real root vectors. Let 01=01® C[t, i -1 ], a commutative Lie subalgebra 
with a basis {x 7 (— r) | r G Z, 7 G F}. Let L(A) be a standard g-module of level 
1, with a fixed highest weight vector va- A Feigin-Stoyanovsky's type subspace of 
L(A) is a gi-submodule of £(A) generated with va, 

W(A) = U(q 1 )-v a cL(A). 

For the Lie algebra g of type At it was shown in [P2] and [Tl] that monomial 
vectors xva, where x = x ln {— r n ) ■ ■ ■x 11 (—ri), ji G T, Ti G N, such that x satisfy 
certain combinatorial conditions called difference and initial conditions, constitute 
a basis of W(A). The analogous fact was proved in [P2] and [Bl] for g of type Dg. 

To obtain character formula when Lie algebra g is of type At, we first consider 
two particular cases, when u) = uji and uj = uf, these are the cases that were 
considered in [PI], [FJLMM], [FJMMT1,2] and [Jl-3], but for higher-level modules. 
For every f)-weight subspace of W(A), we construct a bijection between the basis 
of that subspace and products of partitions of certain length. This gives formulas 
([7]) and ([8]) for the character of W(A), that were already known (e.g. in [J3]). 
In the case w = uj m , 1 < m < £, the set of colors T can be decomposed into a 
product of " rows" and " columns" . The sets of rows and columns can be regarded 
as sets of colors for the two particular cases that have already been considered. 
For a given f)- weight subspace of W(A), we consider its basis elements xv A , where 
x = x ln (—r n ) ■ ■ ■ x ~ti{— r i), 7i G r, ri G N. To every such basis element we can 
attach its path p(x) = (7„, . . . , 71), and conversely, to every path p we can attach 
a basis element x(p) that will be minimal in some sense. By the decomposition of 
r, for every path p in T, we have the corresponding paths of rows and columns. 
We use character formulas for the two particular cases to find "graded cardinality" 
of the set of "minimal" monomials for paths corresponding to the given f)-weight. 
From this we obtain formula (|2"Tj) for the character of W(A). 

When Lie algebra g is of type D4, we decompose the set of colors into two 
subsets that correspond to the cases A2, with u = uj^, and A3, with uj = 102- We 
use character formulas ([7]) and (|21D for the latter cases to obtain character formula 
((64)l in the Z^-case. 

Both in Ag and D4 cases, descriptions of combinatorial bases naturally lead to 
systems of recurrence relations. We can find solutions of these systems in a similar 
way to the one we used for calculating character formulas of Feigin-Stoyanovsky's 
type subspaces. 

The outline of this paper is as follows: in Section[5]we introduce basic definitions. 
In Section[3]we find character formulas in the Afcase. We also find solutions of the 
corresponding system of recurrence relations. In Section 0] we do the same thing in 
the I?4-case. 

2. Feigin-Stoyanovsky's type subspace 

Let g be a simple finite-dimensional Lie algebra. Let [) C g be a Cartan sub- 
algebra of g and R the corresponding root system. Fix a basis II = {«i, . . . ,ctt} 
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of R. Then we have the root decomposition g = rj © U aefl 0a and the triangular 
decomposition g = n_ © f) © n+. Let = fcicti + • • • + keat be the maximal root. 
Let (•, •) be a a normalized invariant bilinear form on g such that {9, 9) = 2; we 
identify f) with f)* via (•, •}. For a G R let ct v = 2a/ (a, a) denote the corresponding 
coroot. Also for each root a G R fix a root vector x Q G g Q . Let {u>i, . . . , ujg} 
be the set of fundamental weights of g, (w^cty) — Sij, i,j — 1, ...,£. Denote by 
Q = J2i=i tnc root lattice, and by P = J2i=i tnc weight lattice of g. 
Denote by P + = J2i=i ^>o<^i the set of dominant integral weights. 
Let g be the associated untwisted affine Lie algebra, 

= 0<S>C[i,i _1 ] ©Cc©Cd, 

with commutation relations 

[x{i),y{j)] = [x,y](i + j) + i(x,y)S i+jfi c, 
[c,g] = 0, [d,x{j)]=jx{j), 

where x(j) — x ® P for x G g, j G Z (cf. [K]). 

Set () e = f) © Cc © Cd, ft± = g ® t ±1 C[t ±1 ] © n±. Then g also has the trian- 
gular decomposition g = ft_ © f) e © n + . Usual extensions of bilinear forms (•, •) 
onto h e and (f) e )* are denoted by the same symbols (we take (c,d) = 1). De- 
note by ao,a\, ...,ot£ € (t) e )* the simple roots, and by Ao, Ai, . . . , Ai G (f) e )* the 
corresponding fundamental weights. Then Ao(c) = 1, Aj(c) = fcj for i = 

Weight W G P is said to be minuscule if (w, a) G { — 1,0,1} for a G i?. A 
dominant integral weight w G P + is minuscule if and only if (ui, 9) = 1. 

Fix a minuscule weight u> G P. Set 

L = { a G -R | (a,cj) = 1}. 

Then 

= 0-1 ©00 ©01, 

where 

00 = 1)© 3"' f±i = 51 

<a,w)=0 ae±r 

is a Z-gradation of g. Subalgebras gi and g_i arc commutative. We call elements 
7 G T colors and the set T the set of colors. 

The Z-gradation of g induces the Z-gradation of affine Lie algebra g 

= 0-i + 0o + 0i, 
0o = 0o © C[t, t- 1 } © Cc © Cd, 0±i = 0±i <g> C[t, t' 1 }. 

Again, g_i and gi are commutative subalgebras. Set g^ = gi n ft-. 

Let L(Afe) be a standard (i.e. intcgrable highest weight) g-module of level 
Afc(c) = 1. Denote by v\ k the highest weight vector of L(Afc). Define a Feigin- 
Stoyanovsky's type subspace 

W(A k ) = Ufa) ■ v Ak = Ufa) ■ v Ak G L(A fc ). 

Set 

f = {.x 7 (-r) | 7 G I> G Z}, f" = {.x 7 (-r) | 7 G I\r G N}. 

Since the subalgebragi is commutative, we have t/(gi) = C[T] and J7(0j~) — C[r - ]. 
We often refer to elements of F as to variables, elements or factors of a monomial 
from U(fli). 
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3. The case A e , £>l 

Let q be a simple finite-dimensional Lie algebra of type A^. In this case all fun- 
damental weights are minuscule. Fix a minuscule weight oj = u) m , m G {1, 
The set of colors T is parameterized by two sets of indices 

r = {(ij) I i = h ■ ■ ■ ,m; j = m, . . . ,£}, 

where 

(1) (ij) = Q!j H ha,„H \-OLj, 

and thus we can think of it as a rectangle with rows ranging from 1 to to, and 
columns ranging from to to i (see Figure 1 in [Tl]). By scy G g we denote the fixed 
root vector corresponding to the color (ij). 

Linear order < on the set of colors T is defined as follows: (ij) < (i'j 1 ) if either 
i > %' or % = il and j < j'. On the set of variables T we define a linear order by: 
x-y(-r) < Xyt(—r') if either — r < —r' or r = r' and 7 < 7'. Since the algebra 
§1 is commutative, we assume that variables in monomials from C[r] are sorted 
ascendingly from left to right. 

Let L(Afe), k = 0, . . . ,£ be a standard §-module of level 1. We use a description 
of a combinatorial basis of W = W(kk) from [P2] and [Tl]. Define an energy 
function E : V x V -> {0, 1, 2} by 

!0, i' > i j' < 1 
L i'<lj'<j or i'>i,j'>j, 
2, i'<i,j'>j. 

Define (9 : Z ->• {0, 1} by 

"<-»={ ?: ^>2: 

Then 

(3) E((i'j'),(ij))=e(i-i')+0(j'-j). 
We say that a monomial 

21 = x i n j n (~ r n) ■ ■ ■ x iin (— n) G C[f ~] 

satisfies difference conditions, or DC for short, if 

r t +i ~ r t > E((i t+1 j t +i), (itjt))- 

We say that x satisfies initial conditions for L(Ak), or IC for short, if cither r\ > 2 
or 7*1 = 1 and either i\ > k, for 1 < fc < to, or ji < fc, for m < k < £. Define 

(4) B w = {x£ C[f "] I x satisfies DC and IC for L(A fe )}. 
Theorem 1. The set {xv\ k \x G Bw} is a basis ofW. 

For a monomial x = x~ ln (—r n ) ■ ■ ■ x 7l (— rf) G C[r~], define weight and degree by 

w(x) = 71 H h 7„, = n H h r n . 

For a G P, set z Q = zj"'" 1 ^ • • • zf l ' u ' l \ The character of VF is the formal sum 

X w(zi,...,Z i ,q)= £ q d{ ^z w ^. 

xeBw 

For a fixed a = n\a\ + • • • + nia? G P + , define B w — {x G £>w 1 u>(a;) = a} 
and = ExeB& Obviously, Xw(«i, • • • , ^, <?) = E Qe p+ Xw(«k Q - We 

sometimes use symbols B w ''"' ni! , Xw '""' n< (?) instead of i3£^ and Xh/(<z)- 

From ([]]) it immediately follows that XiM 1 ?) = unless < n\ < ■ ■ ■ < n m > 
■■■>n e >0. 



A nondecreasing sequence of nonncgative integers A = (Ai, . . . , A„), < Ai < 
• • • < A„ is called a partition of length at most n. The sum |A| = Ai is called 
weight of A. Denote by ir n the set of partitions of length at most n. 

For a monomial x = x ln {— r n ) ■ ■ -a; 7l (— r\) £ C[T~] and a partition A G 7r„ 
define monomials 

x ±v = x ln {—r n ± (n - 1)) • • • x l2 (— r 2 ± l)x 7l (— ri), 

= ac7„(— ^t, ± 1) • • -x 7l (-ri ± 1). 
x ±r = x ln (— r„ ± r) • ■ • x 7l (— ri ± r), for r G N, 

(5) £(A) — x -y„ (~ n ~ A n ) • • ■ £71 (— 1 — Ai). 

We emphasize that the monomial x is assumed to be sorted ascendingly from left 
to right. Note that if x satisfies difference and initial conditions, then the variables 
in x are sorted ascendingly from left to right. 

3.1. Character formula in the case lu = lu\ or 10 = tog. Consider the second 
case, oj = uji\ the first case can be treated analogously. Fix W = W(Ak), < k < I. 

The set of colors in this case is T — {(!£),..., (££)}■ For simplicity, we write 
(i) and Xi instead of (it) and xu, for i — 1, . . . ,£. The formula (0) for the energy 
function in this case takes a simpler form: 

(6) E((i'),(i))=9(i-i') + l. 

Set E'((i'),(i)) = E((i'),(i)) - 1 = 0(i - i'). We say that a monomial x = 
x in (-r n ) ■ ■■x n {-r 1 ) G C[f-] satisfies DC if r t+1 - r t > E'((i t+1 ), (i t )). The fol- 
lowing lemma is obvious 

Lemma 2. A monomial x satisfies DC if and only if x +v satisfies DC. 

Fix < n\ < U2 < ■ • • < ng and set a = n\ct\ + • • • + ngctg. Set nl i — ni — rii-x, 
for i = 2, . . . and n[ = m; then a = n[(l) + ■ ■ ■ + n' e (l). Let A = (A 1 , . . . , A ) G 
7r n ^ x • • • x 7r„/ . For i = !,...,£, define x_ t — x^—n^ — 0(k — i))xi(— + 1 — 9{k — 
«))••• Xi{— 1 — 6*(fc — i)). Set x(A) = a;i(A 1 ) • • • x_e(X e ), and reorder variables so that 
they are sorted ascendingly from left to right. Then obviously x(X) satisfies DC 
and IC for L(A k ). Hence, by lemma[2j x(A)- v G B<^. 

Conversely, let x G B^- Set x' = x +v . Factorize x' = x 1 ---x e so that ^ — 
Xi{—r l n ,) ■ ■ ■ Xi(—r\) and r % n , > ■ ■ ■ > r\ > (this is possible since E'((i), (i)) = 1). 

Define A| = r\— t for i = 1, . . . ,£, t = 1, . . . ,r^. Then obviously A 1 = (Ai, . . . , \ n > ) G 
7r„' . We have proved 

Theorem 3. The map 

"Vii * "'iij-ni • • • X TT ne — ne _ 1 ^ ^VF' 



is a bijection. 
Obviously 



A- 



d(x(\)-*) = \M+J2 + + K + --- + 4)K + --- + ^-i) + j2 n > 
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IM+^rf ~ njUj+i +n k . 

i=l i=l 



As a consequence, we have 



Corollary 4. For < ri\ < ri2 < • • • < a = n\d\ + • • • + n^a^, 

(7) «8w«-iEj 



i(9)ri2^ni ' ' ' (l)n t -n e _ 1 

where (q) n = (1 - q) ■ ■ • (1 - q n ). 

Remark 5. Analogous formula can be obtained in the to = lo\ case; for n\ > n% > 
■ ■ ■ > ni > we have 

qJ2 l i= i nl-T.lzl n ini+l +n k 
(P) Xw(K k )il) = T~\ — T~\ 7Z\ > 

\1)nt (qjne^t — ne ' ' ' (q)n 1 ~n 2 

3.2. Character formula in the case ui = cj m , 1 < rn < £. Define Lie subalgebras 
fl' = {xui , x~oti ,o>i\i = 1, . . . , to) and g" = (x ai , a, | i = m, ...,£) of types 
A rn and Ai^ m+ i, respectively. We regard a%, . . . , a m and a m , . . . , ct£ as root bases, 
and wi, . . . , u> m and w m , . . . ,wg as fundamental weights for these subalgebras. Also, 
we regard Ao, Ai, . . . , A m and Ao, A m , . . . , Ai as fundamental weights for the cor- 
responding affine Lie algebras. It will be clear from the context when the symbols 
L(Afe), W(Ak), k — 0,...,£ denote the standard module and the corresponding 
Feigin-Stoyanovsky'y type subspace for g, when for g' and when for g". 

The set of colors T is parameterized by two sets of indices - the set of row-indices 
Ti = {1, . . . , to} and the set of column-indices F2 = {to, ...,£}. We regard these 
two sets as sets of colors for g' and g", for the choice of minuscule weight oj = ui m 
in both cases. Energy functions for Ti and T 2 are 

(9) £!(*',*) =0(t- + E 2 (j',j) = 6(j'-j) + l, 
for 6 Ti and j,f e F 2 (see ©). By ©, we have 

E((i'j'),(ij)) = E 1 (i',i) + E 2 (j',j)-2. 

We consider the case W = VF(Ao) in detail, the other cases work in the analogous 
manner. 

A path is a finite sequence of colors p = (7„, ... ,71). The number l(p) = n is 
called length of p. The sum w(p) = 71 + • • • + 7« is called weight of p. 

To each monomial x = x ln (—r n ) ■ ■ ■ x 7l (— r\) G C[F~] we attach its path p(x) = 
(7nj • • • 5 7i)- Obviously w(p(x)) = w(x). 

Conversely, to a fixed path p = (7n, • • • , 71) we attach a monomial x(p) = 
x~ ln {—r n ) ■ ■ ■ x 7l (—7*i) such that 

(10) ri=l, r t = r t -i + E{it,lt-i) for t = 2, . . . ,n. 

This is the "minimal" monomial of path p that satisfies difference and initial con- 
ditions for L(Aq). By this we mean that if A = (Ai, . . . , A„) € n n is a partition of 
length at most n, then the monomial (ai(p))(A) = x ln {— r n — A n ) ■ ■ -x 7l (— n — Ai) 
also satisfies difference and initial conditions, and all monomials of path p that 
satisfy difference and initial conditions can be obtained in this way. 

Fix < ni < • • • < n m > ■ ■ ■ > ri£ > and set a = mcti + • • • + riiag. The 
argument from the preceding paragraph shows that 

(11) x5Wff)=fo5^- ^ ^ (P)) ' 

m p, w(p)—a 

since Z(p) = n m for a path p of weight a. 

Fix a path p = ((*n m Jn m )j • • • 7 (*iJi)) m T 01 weight a. Then, by (jTJ) 

(12) m = #{t\i t = 1}, n s -n s _i = = s}, for s = 2,...,m, 

(13) m = #{t\j t = I}, n s - n s+1 = #{t\j t = s}, for s = m, ...,£- 1. 



Denote by pi = {i nm , and p 2 = (jn m > ■ ■ ■ >3i) the corresponding paths in T\ 

and r 2 . Weights of pi and P2 are a' — n\oi\ + ■ ■ ■ + n m a m and a" = n m a m + 
• • • + n^ag. Conversely, if pi and P2 are paths in Ti and T2 of weights a' and a", 
respectively, then the corresponding path in L will be of weight a (cf. ([T]), (fl2l) . 

(USD- 
Let x(p) = x inmjnm (-r nm ) ■ ■ ■ x njl (-ri), x(px) = x inm (-r' nm ) ■ ■ ■ (-r^), 
x(p 2 ) = x jnm {-r'^ m ) ■ ■ ■ Xj^-r'i) be like in dTUJ). Then, by ©, © and dJUJ), 
we have 

(14) n = ri = < = 1 

and 

!n = r t -i + 9(i t -i - it) + 0(j t - jt-i), 
r' t =r' t _ 1 +e{i t . l -i t ) + l, 
r'l = r' t _ 1 +0(j t -j t . 1 ) + l, 

for t = 2, . . . , n m . By induction, from this we obtain 

(16) r t =r' t + r'l -2t + l, for i = 1, . . . , n m . 
This implies 

(17) d(x(p)) = d(s(pi)) + d(£(p2)) - r&. 
Consequently 

(18) grffe(P)) = ^ g d(x(Pi))+<ife(P2))-n^ 

P,^'(p)=a pi,i«(pi)=a' 
P2, w(p 2 )=a" 
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q d(x( P i)) 1 J y^ ? *i>^ 

1 pi, io(pi)=a' 



Thus, from (11 1 1) we obtain we obtain 

(19) Xw{l) = ^^Xgiw(A )( ( l)Xs'''.,W(Ao)( ( l)' 

where Xgi w(A ) W anc ^ Xg" W(A ) are character formulas for Feigin-Stoyanovsky's 
type subspaces W(Ao) for g' and g", respectively. Formulas and © give 

(20) ^™ 1 '"''™'(g) — - — W"m 

n m — n 7Tl _ 1 

In other cases, when 1 < k < £, the reasoning is similar, one only needs to 
slightly modify definitions of x(p), x(px) and x(p 2 ) by setting 

n =ri = l + 0(A-ii), r" = 1, 

if 1 < k < to, or 

r 1 =ri / = l + flC7'i-*).K = l. 
if m < fc < i. In the first case, x(p), x(pi) and x(p 2 ) are the smallest monomials of 
paths p, Pi,p 2 , that satisfy difference and initial conditions for L(Afc), L(Afc) and 
L(Ao), respectively. In the second case, these are the smallest monomials of paths 
Pj Pii P2 that satisfy difference and initial conditions for L(Afc), L(Aq) and L(Afc), 
respectively. Like in (1191) . for 1 < k < m we have 

Xw(A k )(l) = Xg',W(A k )(l)Xg",W(A ) 



while for m < k < I we have 

Theorem 6. For < n\ < ■ ■ ■ < n m > ■ ■ ■ > m > 0, 

n2^i=l n i ~z2i=l nin i+1 +n k I \ 

(21) \ ni '"'' ne (q) — - WMm 

n 2 —ni Urn —n-m — l (q) ...(g) (<?) 

3.3. Recurrence relations. We say that a monomial 

2 = Xi„j n (-r n ) ■ ■ ■ x iin (-n) £ C[f ~] 

satisfies ICy if either r\ > 2 or ri = 1 and ii > i, j% < j. We say that a monomial 
x satisfies ICo if ri > 2. Denote by 

By = {x £ C[f-\ |x satisfies DC and IC^}, 

B = {x £ C[f _ ] I a; satisfies DC and IC }. 

Note that 







— Bi+1 : £, 


for i = 1, . . . , m 


-1, 


(22) | 






, for j = m + 1, . 


..,e, 




[ Bw(A ) 


= Bi,e, 


Slf(A ra ) = So- 





The following lemma is a direct consequence of difference and initial conditions: 

Lemma 7. (i) Let x £ Bij ; factorize that x_ x contains all elements of 

degree —1 and x 2 contains elements of lower degree. Letx_ Y — x i n j n (~ 1) ' ' ' x hji ( — 1)- 
Then i<ii<---<i n <m<j n <---<ji<j. 
(ii) x £ Bq if and only if x + £ Bu. 

For aeQ, define Bfj, Bfi, xfj{q) an d Xoil) u ^e we did before. 

Proposition 8. Let a = niQ.\ H h r^o^, where < ni < - - • < n m > • • ■ > > 

0. TTien 

(23) Xo Q (9)=^X^(<z), 

(24) X %{q) = Xi+iM + Xi d -M ~ Xi + ij-M + 

QX-^Uq) ~ q n ~X a 1 f' ) (<l) + 

q nm (xZ-i(l) - X-^PW) - X^f-M) , for i,j + m, 

(25) x? m (q) = xT+i, m (q) + qx?+i™\q), 

(26) xlM = xZj-ito) + qxt}-!\q), 

(27) x^ m {q) = x^{q) + q nm xT {mm \q)- 

Proof: To prove the first relation note that if w(x) = a then d{x_~) = n m + d(x). 
The relation now follows from Lemma [7] 

We also prove the second relation; the others are proved in a similar manner. Let 
£ = x in m in m (- r n m ) ■ ■ ■£nji(- r i) £ C[f~]. If n > 2 or n = 1 and (h,ji) ^ (i, j) 
then s G if and only if x € Bf +1] U jB? ! J -_ 1 . Note also that Bf +l j n S^_ x = 
S£fi j-i- This gives the first row on the right hand side of (pM)) . 
Assume r\ = 1 and («i,ji) = («,j). Set x 2 = Xi nm j nm (—r nm )---Xi 2 j 2 (—r2). If 
r 2 = 1, then, by Lemma[71 x £ Bfj if and only if x 2 £ B^jZi \Bo _ ^"'^- Together 
with (|2"3"|) , this gives the second row on the right hand side of (|24l) . 
If r 2 > 2, then, by difference conditions, x £ Bfj if and only if r 2 > 3 or r 2 = 2 and 

i2 > i or j/2 < j. This is equivalent to saying that x 2 £ B" U B" + ^p . Note 



also that B 1 } _{ H B l+1 / = B i+ ^j_ v This gives the last row on the right hand 



Theorem 9. For uj = oj\ or u) = ujg, the solution of the system of recursions (|23p - 
(|27p is given by formulas ([7]) and ©• For uj = ui m , 1 < m < I, the solution of 
(|23 ]) -([27 ]l is ffwen &?/ 



" (<?)«! (<?) ri2— "l rii — i — np_ "7- 

where we set hq = n/ + i = 0. 

Proof: For to = uji or to = ioi, the claim follows from ((22"]) . Let cj = w m , 1 < m < i. 
If i = 1 or j = £, formula f|28|) is exactly the character formula for the corresponding 
Feigin-Stoyanovsky's type subspace (see (|22l) 1. 

If i > 1 and j < we find X^(?) similarly to the way we have computed 
characters in the previous subsection. We use the same notation as in subsection 
13.21 For a path p, define monomials x(p), x(pi) and x(p2) by (TT5)) . but this time, 
instead of (|14l) . we set 



The difference from the previous case is that now formulas (| 16[) and (JTTJ) fail for a 
path p that starts with a color (iiji) such that i\ < i and ji > j. For such path, 
we have r\ = r[ = r" = 2, so (fl6|) does not hold for t = 1. This means that formula 
(fTT|) calculates d(2:(p)) as if ri = 3 instead of ri =2, and the difference between the 
calculated and the actual degree for monomials of such path is equal to l(p) = n m . 

Although we cannot use ([TO]) to calculate X?j(q)> we can "repair" the wrong 
character formula obtained from (fH?)) by recalculating degrees of monomials that 
start with a color {iiji) such that i\ < i, j± > j. Let 

*?j = i x in m j nm (~r nm ) ■ ■ ■ Xidi (~ r i) e &ij I h < > i}> 

S S = { ;K inmin m (- r nm)--- a; ilil(- r l) £ B U I r l = Ml < h jl > j}- 

Denote by Xe (<?) an d Xx> (?) the corresponding graded cardinalities. By obser- 
vations above, we have 



side of (Ml) ■ 



□ 





n = 1 + max{6»(z - 1 - n), 6>(ii - j - 1)}, 
r' x = 1 + 6{i - 1 - i x ), r'{ = l + 6{j x - j - 1). 



xUl) = 5fX°:,w(A i _ 1 )(9)x^(A ) . +I )(9) - (1 " 9" m )x^(g) 



Since x G if and only if x +r G 2)f , for some r G N, we have 



Furthermore, since 2)g = Sg, \ U Sg) and By n = Bg, we have 



*£ y (<?) = X&(«) " X5(ff) " Xyte) + Xg-(«). 



Consequently 




□ 
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4. The case D4 



4.1. Character formula for W(Aq). Let g be a simple finite-dimensional Lie 
algebra of type Dg. The minuscule fundamental weights are wi,o;/_i,c«;^. Fix a 
minuscule weight u = CJi- The set of colors is L = {2, ...,£,£,..., 2}, where 



Q-l, 



(29) 



ai 

ai 
ai 



+ ai-u 

+ ap^2 + a^i 

+ ot-i-i + + at, 

+ ats + 2ae- 2 + oce-i + a e , 

+ at-4 + 2at-3 + 2a£-2 + a^-i 



on, 



a\ + 2a 2 + ■ ■ • + +2a^_ 2 + + Oil. 

Define an order on T by setting: 2> ■■■>£>£>■■■> 2. Like in the previous 
section, this induces the order on T, and we assume that monomials from C[T] are 
sorted ascendingly from left to right. 

Let L(Ak), k — 0,1,£ — 1 or £, be a standard g-module of level 1, and set 
W = W{k k ). Define an energy function E : F x T -> {0, 1, 2} by 

0, (Y, 7 ) = (2,2), 
(30) E{ 1 ' ll )={ 1, 7'<7,(7 / ,7)^(2,2)or( 7 ', 7 ) = (^|), 

2, i > 7, (7', 



(— ri) G C[f ] satisfies dijffi 



erence con- 



We say that a monomial a; = x ln (— r n ) - 
ditions, or DC for short, if 9-4+ 1 — r t > i?(7 t+ i , 74). We say that x satisfies initial con- 
ditions for L(Afe), or IC for short, if either n > 2 or n = 1 and 71 G {2, ... , I — 1 , 
forfc = ^-l, or 7x G {2, ...,£}, for = £, or 7l G {2, . . . ,1, . . . , 2}, for k = 0. As 
before, define the set Bw by (01 . 

Theorem 10 ([B],[P2]). The set {xv Ak | x G B w } is a basis ofW. 

From now on we assume that the algebra g is of type D4; V — {2,3,4,4,3,2}. 
Like in the previous section, we define weight and degree of monomials, and the 
character \w( z i, z i, Z3, %i, q) of W. Furthermore, for ni, 712,713,714 > set a = 
n\ct\ + n 2 a 2 + 77.303 + 774014 and define sets B w and formal series Xwil) as before. 

Obviously, Xwil) = unless a can be written in the form 

(31) a = m 2 2 + + m^A + U14A + 77133 + m 2 2, 
for some rri2, TO3, TO4, m4, 7713, TO2 £^>o. Set 

(32) = 2 + 2 = 3 + 3 = 4 + 4 = 2a x + 2a 2 + a 3 + a 4 ; 
then (j3Tj) is equivalent to 

(33) a = m 2 2 + 77733 + m^A + mgO, 
where m 2 , 1713,1714, mo G Z, such that 

(34) mo > —0(—m 2 )m 2 — 6(— 7773)777,3 — 6(— 7774)7774. 
By (J2SJ) and (JS2J) we have 



(35) 7772 = n\ — n 2l 7773 = 77.2 — 773 — 774, 7774 = 773 — 774, mo = 774. 
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Therefore condition is equivalent to 
(36) 



ni — ri2 + 774 > 0, n\ — n-i + 773 > 0, 
n 2 - n 3 > 0, ni - n 3 > 0, 



773 > 0, tt-2 — ri4 > 0, 

714 > 0, ni — 774 > 0. 

We first consider the case = W(Ao). The other cases will be considered in 
the next subsection. 

Set r = {2,4,4,2}, T" = {3,3}. Define 

Br' = {x ln (-r n ) ■ ■■x yi (-ri) € %(a„) 1 7i € T', i = 1, . . . , n}, 
B T " = {ar 7n (-r„) • • -x 7l (-ri) € B w(Ao ) | -y» G T", i= l,...,n}, 

B", = Br' n B^,^ Ao - ) and Bp,, = Br" n B^^ Aq ^. Define formal series xf> an( i Xr" m 
the obvious way. 
By setting 

(37) 2 =(22), 4 =(23), 4 = (12), 2 = (13), 

we identify the set V with the set of colors from the case A3 , uj = L02 (see Section 
13. 2p . Since the energy functions agree with this identification, and since in both 
cases we have the same relations between colors: 

2 + 2 = 4 + 4, i.e. (22) + (13) = (23) + (12), 

we conclude that the sets of monomials satisfying difference and initial conditions 
coincide. Therefore we can deduce a formula for t^™ 1 '" 2 '™ 3 -™ 4 ^) from the character 
formula for W(Ao) for A^^u = u>2- Let 

(38) a = n\otx + 7120:2 + n^as + 71404 = 77122 + 777,44 + 77744 + m22, 
for some 7772,7714,7774,7772 > 0. By (|29p . we have 

(39) 77l = 7772+7774 + 7774 + 7772, 772 = 7774+7774 + 27772, 773 = 7774 + 7772, 774 = 7774+7772. 

Note from (|12jl . p3p and (|37p that parameters 771,772 — 771,772 — 773,773 from the 
case A^^lo = u>2, correspond to 7772 + 7774,7772 + 7774,7774 + 7772,7774 + 7772 from the 
r'-case, respectively. From (|39p we see that in the T'-case these parameters are 
equal to 774, 77i — 774, 77i — 773, 773, respectively, and are independent of the particular 
choice of 7772, 7774, 7774, 7772. Moreover, 772 = n\ + (772 — n\) from the case A3, ui = u)%, 
corresponds to 774 = 7772 + 7774 + 7774 + 7772 from the r'-case. Hence, from character 
formula (j20|) for W(Aq) for the case A3, a; = us, we get 



(40) &(q) = 



qTi i +n 1 +n 3 — n 4 ni— nin 3 



Similarly, we identify the set F" with the set of colors from the case A2,uj = W2 
(see Section l3~Tj) : 

(41) 3 = (2),3 = (1). 
Let 

(42) a" = 77lOl + 77 2 02 + «3«3 + 77404 = 7773_3 + 77733, 

for some 7773,7773 > 0. Then, by (|2"9"|) . 

(43) ni = ma + 7773, 77 2 = 7773+7773, 773 = 7773, 774 = 7773. 

From (|13p and (|4ip we see that the parameters n\, 772 — ri\, 772 from the case A2, uj — 
ix>2 correspond to 774,774 — 774,774 from the r"-case. Hence, from character formula 
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„n 1 +n 4 — nim 



([7]) for W(A ) for A 2 ,oj — uj 2 , we get 

(44) *"»(<?)=,, „„ ^ 

The following procedure gives us a way to obtain a character formula for VF 
from formulas @D) and flU). Set r e = T U {2,4} and f e = f U {x 7 (-r) (7 G 
{2, 4}, r G Z}. Define 2>2>3>4>4>4>3>2, and define the order on f e 
accordingly. Let x_ x G Br', x 2 ^ Sr"- Denote by a; 3 G C[F e ] a monomial obtained 
from x x by replacing every pair x 2 {— r)x2{— r) with a pair x^— r — ljx^i—r), and 
every pair Xi(— r — l)x4_(— r) with a pair x~ A {—r — l)x%(—r). Set y = x^ v x 2 v , 
and reorder variables so that they are sorted ascendingly from left to right. Set 
z = j/ _v ; note that pairs x 7 (— r — l)x 7 (— r), 7 G {2,4}, from Xg correspond to 
pairs x 7 (— r' — l)x~(— r') from z. Let x G C[T] be a monomial obtained from z 
by replacing every pair x 2 (—r — l)x 2 {— r) inside z with a pair x 2 (— r)x 2 {— r), and 
every pair r — l)xj(— r) with a pair X4(— r — l)x4(— r). 

Proposition 11. Let be as above. Then x satisfies difference and initial 

conditions. Conversely, every monomial that satisfies difference and initial condi- 
tions can be obtained in this way. 

Proof: Let x — x 7n (— r n ) ■ ■ -a; 7l (— r*i). For t = l,...,n — 1, consider factors 
x~/ t (—ri) and x 7t+1 (— r t +i). If 74,74+1 G T' or 74,74+1 G F" then these two factors 
obviously satisfy difference conditions since they come from the two neighbouring 
factors inside x_ x or x 2 , respectively, and the above procedure did not change the 
difference between their degrees. 

If 74 G F' and 74+1 G T" or 74 G T" and 74+1 G T', then either r t+1 — r t = 1 
and 74+1 < 74, or r t +\ — r t > 2, which means that difference conditions are again 
satisfied. 

Conversely, let x — x 7n (— r n ) ■ ■ r\) G C[F~] be a monomial that satisfies 

difference and initial conditions. Let x ± and x 2 be monomials obtained by the 
reverse procedure. The claim will follow from the following simple observations 
that can be proved inductively from (1301) : 

(i) If 7t,7t+i, . . . , 74+ s £ F', then r t+s -r t >s-l. Moreover, r t+s -r t = s-l 
if and only if s is odd and (74, . . . ,74+ s ) = (2,2,... ,2,2). 

(ii) If 74,74+1, ... ,74+5 G T", then r t+s - r t > s + q, where q = #{0 < i < 

s - l\jt+i < lt+i+l}- 

First we show that x 2 satisfies difference conditions. Let £ 7 (— r), x 7 <(— r') be 
two neighbouring factors inside x 2 . Assume that x 7t (— r t ) and x lt+s {— r t+s ) are 
the corresponding factors inside x. If s = 1, then it is obvious that x 7 (— r) and 
Xji(— r') satisfy difference condition. If s > 1, then 74+1, jt+s-i G T' and 
r' — r — r t + s —ft — s + 1. We need to show that either rt+ s — rt > s + 1 or 
rt+s — ft = s and 7 > 7'. By (i) and (|30[) we have: 

(45) r t +i - r t > 1, r4+ s _i - r t +i > s - 3, r t+s - r4+ s _i > 1. 

Moreover, if r t + s -i — r t +i = s — 3, by (i) we have 7 t + s _i = 2 and therefore 
r4+ s — rt+ s _i > 2. Hence, r t + s — r t > s. Assume that r t + s —r t = s (this is the case 
when r' = r + 1). Then (gSJ) and ([201) imply 

(46) 74 > 74+1. 
Hence 

(47) 7 t+i 7^ 2 

and r t+s _i - r t+1 = s - 2, r f+s - r t+s _i = 1. By ([301), we see that 

(48) 7t+s-i > 7t+s- 
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If 7t+i = 2 then r t + s -i — = s — 4, so from (i) we see that jt+s-i = 2. But 
this is in contradiction with (|48p . If 7t+ s -i = 2, then r t + s -i — r t+\ = s — 4. By 
(i), this implies 7t+i = 2 which is in contradiction with (|47p . So, if r t+s — r t = s, 
then 7t + i,7 t+s _i € {4,4}. By (|46]) and (|48|) we conclude that 7 = 74 > 7 t+s = 7'. 
Therefore x 7 (— r) and x 7 '(— r — 1) satisfy difference conditions. 

In the same way we show that x_ x satisfies difference conditions. Let 27 (— r) 
and Xry'(— r') be two neighbouring factors inside x^. Assume that x-y t (— r t ) and 
x ~it+ s (~ r t+s) are the corresponding factors inside x. Again, if s = 1, the claim is 
obvious. Assume s > 1. Then 74+1, . . . , 7t+ s -i £ T" and r' — r = 7't+ s — rt — s + 1. 
We need to show that either r t+s — r t > s + 1 or r t+s — r f = s and 7 > 7'. By 
and (|30p we have: 

r t +i -r t >l, r t+a -i - r t+ i > s + q - 2, r t+s - r t+s -i > 1, 

where q is defined in (ii). Therefore r t+s — r t > s + g. If g = and r t+s — r t = s, 
by (0D]), we must have j t > -f t +i > ■ ■ ■ > lt+s-i > lt+s- Hence 7 = 74 > 7 t+s = 7' 
and r' = r + 1. We conclude that, in this case, x 7 (— r) and ie 7 '(— r — 1) satisfy 
difference conditions. 

By using similar arguments we can show that x^x^ £ C[r~], i.e. that factors of 
x x and x 2 have negative degrees. Hence, x x € £>r' and x 2 € /3r"- □ 

Let = n^ai+n^a^ + Tigas +7740:4 and w(x 2 ) — n![ct\ + n^'a^ + ng 0:3 + n'l 0:4. 

From the construction we see 

<fe) = <fe) + nu - - + + + 

(49) = d(x x ) + d(x 2 ) + n[n". 

Fix ni, ri2, 773, 774 > satisfying (|36[) . and set a = Tiiai + 772^2 + 7730:3 + 7740:4. 
Define 7772,7773,7774,7770 by (I35|) . Define 

(50) m = —Q( y —mi)m2 — #(—7774)7774, m = —8(— 7773)7773. 



Condition ((36)) is equivalent to 7710 > m'+m" (cf. ([34])). For 7 = 0,..., mo— to'— to 
set 

(51) = 7?722 + 77744 + (?; + to')0, a" = a - c^. 

By <J29J) and ((32]) we have 

a- = (771 - 77 2 + 773 — 774 + 2(7 + m'))cti + (?i 3 — 774 + 2(i + TO'))a 2 

+ (773 — 774 + i + m')a 3 + (i + m')a4, 
&i — (n2 - n 3 + 774 — 2(i + to'))oi + (t7 2 - 773 + 774 — 2(i + m'))ct2 

+ (?74 — 7 — 777')a3 + (774 — 7 — to')o4. 

Then, by Proposition [111 (E3 and (03), 

714— m —m" 

(52) xw = Xi'(q)x2' '( 9 ) q ("i-^+^-"*+ 2 ( i + m '))("2-"3+™^ 2 ( i + m ')). 

From (|4U1) and (|4"4")) we obtain the following character formula: 
Theorem 12. 



714 — m — m 



(53) X^(a o) = E « /( °\ , 

i= Q \yJri3-™4+i+m' {q)n 1 —n 2 +i+m' {Qji+m' 



1) (l)ni —n2+n i — n i +2(i+m') 

(3 
1 

{q)n 1 — m+ns— nt+i+m' (<?)n 4 — i— m' (q)n 2 — n3—i—m' 
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where 

(54) f(a) = n\ + n 2 + % + n 4 — nin 2 - n 2 n 3 - n^n^ 

— (i + m )(n2 — JI3 + TI4 — i — to'). 

Remark 13. For an algebra g of type Dg , let a — n\a\ + ■ ■ ■ + ngai be a weight 
that can be written as a non- negative linear combination of colors 2, ...,£,£,... ,2. 
Set = 2 + 2= -- -= £ + £ = 2ct\ + • • • + 2ctg-i + (Xi—x + ag. Define TO2, . . . , nig, Too 
like in ([55)1 . Like in (|3"4")l . we obtain the following condition on the coefficients 
TO2 , . . . , mi, too : 

mo > —B{—m-i)m,2 — • • • — 0(~mg)mg. 
Partition the set of colors into the sets 

r (2) = {2,^,2}, r( 3) = {3,3}, ... , r^- 1 ) = {i-M-i}, 

and regard as a set of colors for the case A3, a; = ui2, and r( 3 ),... .r^- 1 ) as 
sets of colors for the case A2,uj = uj2- Set = — m^m^ — 0{— m£)mi, m^ 3 ' — 
—#(— 7713)7713, . . . , m^~ 1 ' = —0(—m,f-i)mg-i, and let to = m/ 2 -* + • • • + m^ _1 ). We 
can apply the same procedure as before; we obtain the following character formula: 

a _ f(a) (ff)ni-rt 2 +»£-i-rt < ;+2fe+™ (2) ) 

Xw(Aq) — s. 1 ~r\ 7~\ r - ; 

i ■ >Q \ < Dn e _ 1 -n e +i 2 +m < - 2 '> \ < Dn 1 -n 2 +i2+m( 2 i {Q)i 2 +m( 2 '> 



t2 _| h»«-i=ni — 77» 



1 £_2 1 

n 



J=3 

f 



( < Z)i{_i+m('- 1 ) ( ( ?)nf„2-ra«-l-nf+^~l+m ( ' !_1) 

where 

/(a) = n 2 H h nj - nin 2 - 77^-3774-2 - ^-2^-1 - n e - 2 ni 

l-i 

+ + m^)(n 3 --i — rij + + to'--'- 1 ) 

+ (^_1 + TO ( ^ 1) )(?l£_2 - "-£-1 - ^ + + to (<?_1) ). 

4.2. Character formulas for other level 1 standard modules and recur- 
rence relations. For 7 e T, we say that a monomial 

x = x ln (—r„) ■ ■ ■ x 7l (— ri) G C[f ~] 

satisfies IC 7 if either 7*1 > 2 or n = 1 and either 71 < 7 if 7 7^ 4, or 71 G {2, 3, 4} 
if 7 = 4. We say that a monomial x satisfies ICo if ri > 2. Denote by 

6 7 = {1 £ C[r~] I x satisfies DC and IC 7 }, 
Bo = {x G C[f"] I x satisfies DC and IC }. 

Note that 

(55) Bw(Ao) = &W(Ai) = ^0) ^W(A 3 ) = £>4, fiw(A 4 ) = S4. 

For ni, ri2, n.3, 714 satisfying (|36p. set a = riiai + 77,20^2 + 713^3 + "-404 and define 
fig 1 , x 7 (?) and xfffo) as before. 
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Proposition 14. Characters Xj(q)> 7 G ru {0}, satisfy the following recurrence 
relations: 











x?(?) 


= xUq)- 




- 2 ( 9 )+ 9 2ni - 2 xr 2 


"-(?), 


X3*(<Z) 


= x2(q)- 


HxK?) 


-Xf(<?) + <T (x 4 Q - 


3 (?) + xI 


x 4 Q (<z) 


= xf(9)- 


Hg ni xr 


-\ql 




xf(<?) 


= xf(?)- 


^q ni xT 






xl(?) 


= xf(?)- 


^ ni x|" 


"-(?), 




xl(«) 


= xS(g)- 


h^Xo" 


-Hq). 





The proof is similar to the proof in the A^-case. 
Set 



- 


= {^7* 


Hn)- 


a '7l ( — 


n) g B r » 


ki>2}, 




B r »;3 -- 


~ {^Tn 


(-r»)--- 


a '7l (~ 


ri) G #r" 


I 7"i > 2 or ri = 


= 1,71=3}, 


Br';0 -- 




(-rn)--- 


x 7l (— 


ri) 6 B r , 


ri > 2}, 




B F ';2 -~ 


~ {^n 


(-rn)--- 


x Jl (~ 


ri) e Br> 


fx > 2 or r\ = 


= 1,71 = 2}, 


Br' ; 4,2 : 


= \ X 1n 


(-r«)-- 


2-71 (~ 


n) G Br' 


r\ > 2 or fx = 


= 1,71 G {4,2}}, 


Br' ; 4,2 : 


= {^tl 


(-r„)- 


2-71 ( — 


n) G Br' 


fx > 2 or rx = 


= 1,71 G {4,2}}, 


Br';4A,2 - 


= { X l7i 


(-rn)- 


2-71 ( — 


n) G B F ' 


f\ > 2 or fx = 


= 1,71 G {4,4,2}}, 


and define Bp, 


';0> °r 


";3> D r';0 


°r';2 


Op/. 4 2, O 


r';4,2) D r';4,4,2) 


and Xr» ; 0' Xr" ; 3, Xr' ; o> 



Xr';2, Xt';4,2j Xr';4,2> Xr' ; 4,4,2 in the obvious way. 

Character formulas for these sets can be obtained in the same way as we did for 
Xf' an d Xr" m the previous section, by using character formulas for cases A3, with 
uj = 0J2 , and A2 , with ui — U2 , from Section 13.31 We get 



(56) 
(57) 
(58) 
(59) 
(60) 
(61) 



Xr":o 



Xr»; 3 



'•1+14-1114+11 



(q) ni (q)r 



q 



n l + n 4 — n 1 n 4 + Tl 4 



(<?)i4 (<?)r 



Xr';0 = 



<2 



n 4+ n l+ n 3~ 714711 — ni?i3+ni 



(<?)i 3 (9) ni- "3 (g) 



Til —714 



(q)r 



1 n 4 -\-n 1 +ti 3 — 714m — 7iiri3 



Xr';2 



Xr';4,2 



Xr';4 : 2 



(<?)i 3 (<?) 11-13 (q) 7 



l(<7)r 



14+13 



(1 -q" 4 )(l -g™ 3 ) 



„71 4 +7l 1 +7l 3 — 714 711 —Til 713+713 



(<?)i 3 (?) 11-13 (?) 



Til — 714 



(9) 



71 4 



(62) XrV,4,2 
(63) 



^n 4 +7i 1 +7i 3 — 714711 —7ii 713+714 
11-13 (q) Til — 7l4 (q) 14 

Xr';4,2 + Xr';4,2 — Xr' ;2 
a n\+n\+n\— 1411- 1113 



(i-<r)(i 



1 - 



(9)13(9) 11-13 (q) Til — 7l4 (9) ni 

for a' and a" satisfying (|38l) and (H2"1) . respectively. 
Proposition 15. Let be like in Provosition \lll Then: 

xeB 2 ^x 1 e Br',x 2 G B T ", 
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x e B3 x x e Br 
xe^oi^ Br> 
leBo-s^e /3r< 



4,4,2, £2 G Br" , 

4,2, £2 e ■Sr", 

4,2, £2 € ^r";3, 
2, £2 S Sr";3, 

2, £ 2 e ^r" ; o, 
,x 2 G B r » ; o- 



The proposition can be proved by arguments similar to the ones used in the 
proof of Proposition [TT1 

Fix m, 7J2, 113, ri\ > satisfying (j5o| . and set a = niai + n2«2 + n^a^ + n^a^. 
Define m-z , , 1TI4 , mo by ([551) . m ' an d TO " by (f5U|) . and a' t and a", for i = 
0, ...,ri4 — m' — to", by (j5"Tj) . Proposition [15] enables us to compute characters 
by using analogues of formula ([52]) and formulas (156)) (i63l) . 



Theorem 16. 
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—112+13 — 774+2(7+777') 
(9)773 — 774+7+777' 0?)ni — na+i+ro' ((ZJi+ra' 
1 



(^)ni — n2+ri3 — n4+-i+m' {0)714— i—m' \Q)n.2 — n.3— i— 

where fi(ct) is defined by (|54[) . and d 7 (a) defined by 

' 1 , 

(l- g "3~"" + i + " 1 ')(l-g i + m 



d 7 (a) 



1 



■> 2 +n 3 -»4+2»+2„ 



-772+773+7 + 777' (1 -qr"3 ~"4 + -+™' ) ( l-g^™' ) 



71 (1-9 



13-7.4 + i+n 



Kj-g 



1-q" 
+m ') 



a 2 + n 3 -n 4 + 2i+2r, 



1-? 



ll _ r , 2 + n 3-„4+2i + 2T, 



/or 
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= 2, 


/or 
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= 3, 


/or 
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= 4, 


/or 


7 


= 4, 


for 


7 


= 3, 


for 
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= 2, 


for 


7 


= 0. 
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